Abstract. Let D ¹ i j i 2 I º be a partition of the set of all primes P and G a finite group. A set H of subgroups of G is said to be a complete Hall -set of G if every member ¤
Introduction
Throughout this paper, all groups are finite and G always denotes a finite group. Moreover, P is the set of all primes, Â P and 0 D P n . The group G is called -supersoluble provided every chief factor of G is either cyclic or a 0 -group. If n is an integer, the symbol .n/ denotes the set of all primes dividing n; as usual, .G/ D .jGj/, the set of all primes dividing the order of G. The symbol H G denotes the largest normal subgroup of G contained in H Ä G.
In what follows, is some partition of P , that is, D ¹ i j i 2 I º, where P D S i 2I i and i \ j D ; for all i ¤ j . The symbol .n/ denotes the set ¹ i j i \ .n/ ¤ ;º; .G/ D .jGj/. The group G is said to be (i) -primary [16] if G is a i -group for some i 2 I , (ii) -decomposable (Shemetkov [14] ) or -nilpotent (Guo and Skiba [6] ) if G D G 1 G n for some -primary groups G 1 ; : : : ; G n , (iii) -soluble [16] if every chief factor of G is -primary.
A set H of subgroups of G is a complete Hall -set of G [15, 17] if every member ¤ 1 of H is a Hall i -subgroup of G for some i 2 and H contains exactly one Hall i -subgroup of G for every i 2 .G/. (ii) -permutable or -quasinormal in G if A is -permutable in G with respect to some complete Hall -set H of G.
Recall that a subgroup A of G is said to be (i) -permutable or -quasinormal in G if G possesses a complete Hall -set H such that AH x D H x A for all H 2 H and all x 2 G (cf. [16] ),
(ii) -semipermutable in G if G possesses a complete Hall -set H such that AH x D H x A for all x 2 G and all H 2 H with .A/\ .H / D ; (cf. [7] ).
In the classical case when D ¹¹2º; ¹3º; : : :º, -permutable, -semipermutable and -quasinormal subgroups are also called respectively S-permutable [1, 5] , S -semipermutable [5] and -quasinormal [11, 12] .
It is clear that every -quasinormal subgroup is also -semipermutable and every -semipermutable subgroup is -quasinormal. Example 1.2. Let p > q > r be primes, C r a group of order r and H D Q Ì C r , where Q is a simple F q C r -module which is faithful for C r . Let G D P Ì H , where P is a simple F p H -module which is faithful for H . Let D ¹ 1 ; 2 ; 3 º, where 1 D ¹pº, 2 D ¹qº, and 3 D ¹p; qº 0 . Then every Sylow r-subgroup of G is -quasinormal but not -semipermutable. A Hall ¹q; rº-subgroup of G is -semipermutable in G but not -quasinormal.
We say that G is a T T -group if -quasinormality is a transitive relation in G, that is, if K is a -quasinormal subgroup of H and H is a -quasinormal subgroup of G, then K is a -quasinormal subgroup of G. Our purpose here is to establish the structure of -soluble T T -groups. (ii) D is abelian and every element of M induces a power automorphism in D.
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(iv) If A and B are respectively a Hall i -subgroup and a Hall j -subgroup of G, where i ¤ j and i ; j 2 .G/ n .D/, then the order of OEA; B divides a prime. Moreover, if jOEA; Bj D r ¤ 1, then r 2 .D/ and either the Sylow r-subgroup R of G is cyclic or OEA; R D 1 D OEB; R; if, also, A is a p-group and B is a q-group for some primes p and q, then r > p and r > q.
In this theorem G N denotes the -nilpotent residual of G, that is, the intersection of all normal subgroups N of G with -nilpotent quotient G=N .
One of the main objectives of this paper is to give a correct proof of [12, Theorem 1.1]. The proof given in [12] for this theorem has several gaps. However, Theorem A and its proof allows us to eliminate all of those gaps. Corollary 1.3, our next result, is a statement of [12, Theorem 1.1] .
Recall that G is said to be a TQT -group [12] if -quasinormality is a transitive relation in G.
The following statements are equivalent:
(1) G is a soluble TQT -group. Corollary 1.4 (Srinivasan [18] ). If every maximal subgroup of every Sylow subgroup of G is S-permutable in G, then G is supersoluble.
Preliminaries
We use N to denote the class of all -nilpotent groups. 
Lemma 2.6. Suppose that G has a complete Hall -set H D ¹H 1 ; : : : ; H t º such that the subgroups H and K of G are -quasinormal in G with respect to H . Let R be a normal subgroup of G and H Ä L Ä G. Then:
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Proof. 
Thus HR=R is -quasinormal in G=R with respect to
(5) Since G is a -full group of Sylow type, H is -quasinormal in G with respect to each complete Hall -set of G. Moreover, this condition implies also that some complete Hall -set of G reduces into L, so we (5) by part (4).
The lemma is proved.
Lemma 2.7 (Kegel [9] ). Let A and B be subgroups of G such that G ¤ AB and
The following lemma is a corollary of [4, Chapter IV, (6.7)] (see also [3, Lemma 2.12]).
Lemma 2.8. Let N Ä E be normal subgroups of G such that N Äˆ.E/ and every chief factor of G between E and N is cyclic. Then every chief factor of G below E is cyclic. 
Proof. It is clear that
Hence every member
The lemma is proved. Proof. Suppose that this lemma is false and let G be a counterexample of minimal order. Let H D ¹H 1 ; : : : ; H t º. We can assume without loss of generality that H i is a i -group for all i D 1; : : : ; t .
We show that the hypothesis holds on G=N for every minimal normal subgroup N of G. First note that
Now let V =N be a non-identity i -subgroup of G=N for some
And let U be a minimal supplement to
. Hence the hypothesis holds on G=N . Let H be a subgroup of the Sylow p-subgroup P of D for some prime p 2 . We show that H is normal in G. For some i we have
Since G=D is -nilpotent by Lemma 2.1, H i =D is normal in G=D and hence H i is normal in G. Therefore all subgroups of H i are -quasinormal in G by Lemma 2.6 (3) and hypothesis. Since D is a normal Hall subgroup of H i , it has a complement S in H i by the Schur-Zassenhaus theorem. Lemma 2.5 implies that
so H is normal in G. Therefore every subgroup of D is normal in G since D is nilpotent by hypothesis. The lemma is proved.
Proof of Theorems A and B
Proof of Theorem B. Suppose that this theorem is false and let G be a counterexample of minimal order. Then D ¤ 1. Let H D ¹H 1 ; : : : ; H t º. We can assume without loss of generality that H i is a i -group for all i D 1; : : : ; t . Let R be a minimal normal subgroup of G. Claim 1. The conclusion of the theorem holds for G=R.
Let V =R be a maximal subgroup of a Sylow p-subgroup P =R of G=R, where Let P be a Sylow 2-subgroup of G such that Q D P \ R. Then for some maximal subgroup V of P we have Q -V by the Tate theorem [8, Chapter IV, Section 4.7], which implies that P D QV and so
R n , where R 1 ' ' R n are non-abelian simple groups, it follows that Q D .P \ R 1 / .P \ R n / and so for some i we have V \ R i < P \ R i . Note also that V \ R i ¤ 1 since otherwise from the isomorphism
we get that the order of a Sylow 2-subgroup of P \ R i divides 2 and so P \ R i is 2-nilpotent by [8, Chapter IV, Section 2.8], which implies that R is 2-nilpotent.
Assume that 2 2 k . First we show that R is -primary. Suppose that this is false. We can assume without loss of generality that V is -quasinormal in G with respect to H . Then for some j ¤ k and for H D H j we have H \ R i ¤ 1 since R is not -primary. Note also that k 2 .H G / since otherwise we have 
Therefore, R i is not simple by Lemma 2.7 since H \ R i ¤ 1 and V \ R i ¤ 1. This contradiction shows that R is -primary. Now assume that R Ä D and R is not abelian. Then
Hence D is soluble by Claim 1. Therefore G is -soluble and so G is a -full group of Sylow type by Lemma 2.4.
Claim 3. The group D is nilpotent.
Assume that this is false. Note that RD=R D .G=R/ N is nilpotent by Claim 1. Therefore R Ä D, R is the unique minimal normal subgroup of G and R -ˆ.G/ by Lemma 2.1. Claim 2 implies that R is a p-group for some prime p. Therefore R D C G .R/ by [4, Chapter A, Section 15.2], and G D R Ì M for some maximal subgroup M of G. If jRj D p, then G=C G .R/ D G=R is a cyclic group. Hence G is supersoluble and therefore D is nilpotent, which contradicts our assumption on G. Therefore jRj > p.
For some i we have
and H i is -supersoluble by hypothesis. It follows that some maximal subgroup V of R is normal in H i . Let P be a Sylow p-subgroup of H i \ M . Then RP 2 Syl p .G/ and VP is a maximal subgroup of RP , so VP is -quasinormal in G by hypothesis.
The minimality of R implies that V D 1, so jRj D p, a contradiction. Hence we have Claim 3.
Note that since E=E \ D ' ED=D 2 N and N is a hereditary class by Lemma 2.1, E=E \ D 2 N. Hence E N Ä E \ D.
Claim 5. The group D is a Hall subgroup of G.
Suppose that this is false and let P be a Sylow p-subgroup of D such that 1 < P < G p 2 Syl p .G/. We can assume without loss of generality that G p Ä H 1 and that R Ä D.
Claim (a). The group D D P is a minimal normal subgroup of G.
Since D is nilpotent by Claim 3, it follows that R is a q-group for some prime q. Moreover, D=R D .G=R/ N is a Hall subgroup of G=R by Claim 1. Suppose that PR=R ¤ 1. Then PR=R 2 Syl p .G=R/. If q ¤ p, then P 2 Syl p .G/. This contradicts the fact that P < G p . Hence we have q D p and so R Ä P , therefore P =R 2 Syl p .G=R/ and we again get that P 2 Syl p .G/. This contradiction shows that PR=R D 1, which implies that R D P is the unique minimal normal sub-
This follows from Claim 2 and Lemma 2.1 since G is not -nilpotent
Indeed, DL=L ' D is a Hall subgroup of G=L by Claims 2 and (a). Hence
G p L=L D DL=L, so G p D D .L \ G p /. Thus O p 0 .G/ D 1 since D < G p by Claim (a). Claim (d). The group V D C G .D/ \ M is a normal subgroup of G and we have C G .D/ D D V Ä H 1 .
In view of Claims (a) and (
-nilpotent by Lemma 2.1. Let W be a 1 -complement of V . Then W is characteristic in V and so it is normal in G. Therefore we have Claim (d) by Claim (c).
Claim (e). We have G p ¤ H 1 .
Assume that
Hence every maximal subgroup of G p is normal in G by Lemmas 2.6 (3) and 2.5. It follows that every subgroup of G p is normal in G. Hence 
In view of Claims 2 and 4 and Lemma 2.6 (5), the hypothesis holds for W . Moreover, Claim (e) implies that W ¤ G. Hence the conclusion of the theorem holds on W by the choice of G, which implies that V is a Hall subgroup of W . Moreover, Claim 4 implies that V Ä D, so for a Sylow p-subgroup V p of V we have jV p j Ä jP j < jG p j. Hence V is a p 0 -group and so In particular, the smallest prime divisor of jGj divides jG W Dj.
Assume that this is false and let P be the Sylow p-subgroup of D. Then, arguing similarly as in the proof of Claim 3, one can show that some maximal subgroup E of P is normal in G. Hence C G .D=E/ D G since .p 1; jGj/ D 1 by hypothesis. Since D is a Hall subgroup of G by Claim 5, it has a complement M in G. Hence G=E D .D=E/ .ME=E/, where ME=E ' M ' G=D is -nilpotent. Therefore G=E is -nilpotent. But then D Ä E, a contradiction. Hence p does not divide jDj. In particular, the smallest prime divisor of jGj divides jG W Dj. Claims 3, 5, 6 and 7 show that the conclusion of the theorem holds for G, which contradicts the choice of G.
The theorem is proved.
Proof of Theorem A. It is enough to show that if G is a -soluble T T -group and G is not -nilpotent, then conditions (i)-(iv) hold on G. Suppose that this is false and let G be a counterexample of minimal order. Let H D ¹H 1 ; : : : ; H t º. We can assume without loss of generality that H i is a i -group for all i D 1; : : : ; t .
It is enough to consider the case when H is a maximal subgroup of G. But since G is -soluble by hypothesis, jG W H j is a i -number for some i and so for a Hall i -subgroup First note that since G is -soluble, it is a -full group of Sylow type by Lemma 2.4 and so every two Hall k -subgroups of G are conjugate for all k 2 .G/.
Since G=D is -nilpotent, it follows that DA and DB are normal in G. Hence
Claim (a). If r 2 .A G / and C r is a group of order r, then C r BA D AC r B is a subgroup of G. If r 2 .B G /, then C r AB D BC r A is a subgroup of G. in P , so in the case when˛is non-trivial, it is fixed-point-free by [13, Section 13.4.3 (ii)]. Therefore every element of A acts trivially on P , so OEA; P D 1. Similarly we get OEB; P D 1.
Finally, suppose that jOEA; Bj D r is a prime and, also, A is a p-group and B is a q-group for some primes p and q. Then OEA; B Ä D and E D OEA; BAB is a subgroup of G by Claims (a) and (d). Let V be a Hall ¹p; qº-subgroup of E. Then V ' DV =D is nilpotent, so E is supersoluble. Assume that p > r. Then A or B is normal in E and so either OEA; B Ä A or OEA; B Ä B, contrary to the fact that 1 < OEA; B Ä D. Hence r > p. Similarly we get that r > q. Therefore we have (iv).
Thus conditions (i)-(iv) hold on G, contrary to our assumption on G. The theorem is proved.
